Abstract. We statistically study various properties of lowfrequency waves such as frequencies, wave numbers, phase velocities, and polarization in the plasma rest frame in the terrestrial foreshock. Using Cluster observations the wave telescope or k-filtering is applied to investigate wave numbers and rest frame frequencies. We find that most of the foreshock waves propagate upstream along the magnetic field at phase velocity close to the Alfvén velocity. We identify that frequencies are around 0.1× cp and wave numbers are around 0.1× cp /V A , where cp is the proton cyclotron frequency and V A is the Alfvén velocity. Our results confirm the conclusions drawn from ISEE observations and strongly support the existence of Alfvén waves in the foreshock.
Introduction
Waves upstream of the Earth's bow shock have been widely studied since early observations in the 1960s. The existence of a foreshock is characteristic of collisionless plasma, making a contrast to shocks in ordinary, collisional gas dynamics. In a collisionless plasma charged particles can not only travel downstream across the shock along the magnetic field relatively easily but can also deviate upstream as they gain energies at the shock. The backstreaming particles, together with the plasma flowing downstream, form distribution funcCorrespondence to: Y. Narita (y.narita@tu-bs.de) tions which are unstable to different types of waves at various frequencies (e.g. Burgess, 1997) . The foreshock is thus a fascinating region for studying waves and instabilities.
Backstreaming ions and associated low-frequency waves were discovered by Asbridge et al. (1968) , Greenstadt et al. (1968) , and Fairfield (1969) . They led to speculation that the waves were driven by backstreaming ions. These phenomena were studied in more detail using the ISEE dual spacecraft in various methods: morphology or wave form study, frequency analysis, polarization analysis, and estimating wavelengths. In the wave form study monochromatic wave packets at period of 30 s are dominating. The wave form study is summarized in Greenstadt et al. (1995) . Different wave forms were associated with different classes of ion population, e.g. collimated ion beams, semicircular or crescent shaped ion distributions (intermediate distributions), and nearly isotropic diffuse ion distributions (Gosling et al., 1978) . Paschmann (1979) showed that low-frequency waves were associated with the intermediate and diffuse ions. Theories of the foreshock waves have also been developed. Barnes (1970) studied an ion cyclotron instability and Fredericks (1975) studied gyrophase-bunched ions as generation mechanisms. The instability of the ion beam was studied in detail by, e.g. Gary (1991) . He investigated the growth rate of the instability dependent on wave propagation direction and explained the association of waves with different ion distributions using the growth rate. Left-handed Alfvén waves are excited and propagate upstream in the rest frame in this theory. Sentman (1981) studied the non-resonant firehose instability produced by fast and dense backstreaming ion beams. The generated waves are right-handed and compressional, and propagate downstream in the rest frame in this theory. From an observational point of view, one of the most difficult problems was to investigate wavelengths or wave numbers. Information about spatial structures cannot be easily extracted from spacecraft data. In order to analyze waves in a proper frame of reference -the plasma rest frameinvestigation of wave numbers is inevitable. When a background flow exists, frequencies are changed by the Doppler shift: ω s/c =ω rest +k · V sw , where ω s/c , ω rest , k, and V sw represent angular frequency in the spacecraft frame and in the plasma rest frame, wave number vector, and background plasma flow velocity, respectively. There were, despite the general difficulty, opportunities to achieve this: Hoppe et al. (1981) and Hoppe and Russell (1983) demonstrated several cases from ISEE data in which wavelengths ∼1 R E (1 R E =6370 km) and rest frame frequencies ∼0.1× cp ( cp is the proton cyclotron frequency) were successfully identified. Le and Russell (1990) also presented that the coherence lengths of the waves were of the same order. When the flow velocity is opposite to the wave propagation direction and larger than the propagation speed, the Doppler shift exceeds the rest frame frequency and the waves propagate in the flow direction. In the case of the foreshock, waves propagating upstream may travel downstream because of the large solar wind velocity. Russell (1971) discussed that the foreshock waves were left-hand polarized in the spacecraft frame but intrinsically right-hand polarized, resulting from a reversal of phase speed direction. Such waves should have phase velocities in the plasma rest frame less than the solar wind velocity. Applying the wave analysis method for dual spacecraft data, Dudok de Wit et al. (1995) , Balikhin et al. (1997a, b) presented experimental dispersion relations. They combined wave numbers projected into the spacecraft separation line with wave propagation direction derived from the minimum variance analysis.
The Cluster mission (Escoubet et al., 2001 ) has a potential to resolve spatial structure in three dimensions and allows one to investigate the wave numbers and the rest frame frequencies. Several interesting results have already been presented. Different types of waves, Alfvénic and fast magnetosonic, were identified which agreed well with the results from the ISEE observations (Eastwood et al., 2002 (Eastwood et al., , 2003 . The wave dispersion relation can also be investigated using Cluster data. As demonstrated by Narita et al. (2003) an experimental dispersion relation was derived, which was in good agreement with the dispersion relation calculated for the beam plasma instability.
In this paper we briefly report on our study of the foreshock waves. The waves are analyzed statistically using Cluster data for the first time in the plasma rest frame.
Magnetic field data of 1-and 4-s resolution from the four identical fluxgate magnetometers (FGM, see for instrumentation) on board Cluster are extensively used and the wave telescope or k-filtering technique developed by Pinçon and Lefeuvre (1991) , Motschmann et al. (1995 Motschmann et al. ( , 1996 , and Glassmeier et al. (2001) is applied to obtain the wave numbers. Ion density and velocity data from Cluster Ion Spectrometry, Hot Ion Analyzer (CIS-HIA, Rème et al., 2001 ) from Cluster 3 are also used to calculate the Alfvén velocities and the Doppler shifts. We first present a case study in Sect. 2 and introduce our analysis method. We then present the statistical study in Sect. 3. In Sect. 4 we summarize and discuss our results.
Case study
We present a case study and explain our analysis method to obtain the frequency ω rest , the wave number k, the phase velocity V ph(rest) , and the ellipticity of polarization . Figure 1 displays the magnitude of magnetic field, the ion density, and the ion bulk velocity in the time domain measured by Cluster 3 from 04:00 to 10:00 UT on 18 February 2002. The foreshock waves in this event exhibit the clearest example in wave power spectra and typical features which will be drawn in the statistical study. The spacecraft separation is as small as 100 km and the time series plots of magnetic field display almost the same results among different spacecraft. Cluster observes the dayside northern magnetosphere (04:00-05:00 UT), the magnetosheath (05:00-08:00 UT), and the upstream solar wind region (08:00-10:00 UT) with several shock crossings. The angle between the upstream magnetic field and the shock normal determined from the method of coplanarity theorem (e.g. Schwartz, 1998 ) is 2.6 • for Cluster 3 FGM data. In the upstream region moderately active fluctuation of the magnetic field is observed between 08:00 and 09:00 UT, with the average summed component of normalized magnetic field variance (for 4-s data) as
whereas the fluctuation is quiet after 09:00 UT. We take the interval 08:05-08:40 UT for the case study of the foreshock waves. The mean value of interplanetary magnetic field (IMF) is B=(8.4, −4.1, 2.5) nT in GSE and the IMF cone angle (angle between the magnetic field direction and the x-axis) is 29.8 • . Our analysis method is as follows. First, the geometrical configuration of the foreshock observation is investigated. Then the dominant frequency in the spacecraft frame is identified from the power spectrum and the wave number is identified using the wave telescope. The Doppler shift is corrected to derive the rest frame frequency and the phase velocity. The ellipticity of polarization is also investigated using quasi-monochromatic wave theory. The foreshock is generally connected to the shock by the magnetic field. We investigate the geometrical configuration for Cluster 3 which provides us with both FGM and CIS-HIA data and ask whether the observation is made in the foreshock region or not. We assume that CIS-HIA data from Cluster 3 are valid for other spacecraft in the wave analysis later. For simplicity we adopt an empirical, parabolic bow shock model
where a s is the bow shock standoff distance in unit of R E from the Earth and b s is the flaring parameter in unit of R −1 E (e.g. Merka et al., 2003) . The bow shock is well represented by a paraboloid for GSE-X larger than −40 R E (Cairns et al., 1995) . The coordinate system is aberrated so that the direction of the x-axis is opposite to the solar wind velocity V sw and the xy plane is made by V sw and the IMF orientation (we call the xy plane the VB plane). The IMF angle arctan(B y /B x ) in the VB plane is 47.6 • . The solar wind dynamic pressure and the fast magnetosonic Mach number calculated from Cluster 3 data are applied to obtain a s and b s using the relations
where a mp is the magneopause standoff distance, γ is the effective ratio of specific heats and assumed to be 5/3, M is the fast magnetosonic Mach number (e.g. Russell, 1985) , P sw is the solar wind dynamic pressure in unit of nPa. Equations (3) and (4) were proposed by Farris and Russell (1994) and Cairns et al. (1995) , respectively. a mp is calculated for the magnetopause model of Shue et al. (1997) . We obtain a s =14.0 R E and b s =2.25×10 −2 R −1 E . Now consider the equation
which relates the intersection of the IMF line connected to the spacecraft at the shock r to the spacecraft position r 0 =(x 0 , y 0 , z 0 ) and the distance between them D (see . The x-axis is aberrated to the solar wind direction. The xy plane is made by the solar wind and IMF direction, translated in the z direction to the location of Cluster 3 at z=−26R E . Bow shock at z=0R E projected into z=−26R E is also present. r 0 , r, D and e B represent Cluster 3 location, the intersection of IMF line connected to the spacecraft at the bow shock, the distance between r 0 and r, and the unit vector of IMF orientation, respectively. 
Real solutions for D represent the spacecraft located in the foreshock region. We obtain D=−14.1 R E . The distance between tangential magnetic field line to the shock and the spacecraft along V sw is 5.2 R E . Figure 2 displays a sketch of the result in the VB plane translated in z direction to the spacecraft position at z V B = − 26 R E . Figure 3 displays the power spectrum of the magnetic field fluctuation derived from the Fast Fourier Transform (FFT) for Cluster 3. A peak in power is identified at frequency 44.9 mHz (period of 22 s). Power spectra derived from the other Cluster spacecraft exhibit the same result. The wave number at this frequency is investigated using the wave telescope. This technique allows one to calculate the wave power in the k-space (wave number space) from multispacecraft magnetic field data (Pinçon and Lefeuvre, 1991; Motschmann et al., 1995 Motschmann et al., , 1996 Pinçon and Motschmann, 1998; Glassmeier et al., 2001 ). An example of the wave power derived from the wave telescope is displayed in Fig. 4 . A sharp peak is found in the direction almost anti-parallel to the magnetic field. We identify this position as the wave number associated with the given frequency and obtain (k , k ⊥ )=(−1.4 ×10 −3 , −0.4×10 −3 ) km −1 (here k ⊥ is in the direction of V sw projected into the perpendicular plane to the magnetic field) and (k x , k y , k z )=(−1.1×10 −3 , 0.6×10 −3 , −0.7×10 −3 ) km −1 in GSE. The magnitude of the wave number is 1.47×10 −3 km −1 (wavelength 4284 km) and the angle from the magnetic field θ kB =163 • .
The Doppler shift is corrected and the rest frame frequency is calculated using the relation ω rest =ω s/c −k·V sw , where ω s/c =44.9×2π mHz, V sw =(−317.4, 55.8, 17.8) km/s, and k as above. We obtain ω rest =−89.2 mHz. The physical meaning of the negative frequency becomes clear when discussing the phase velocity. The phase velocity is defined as V ph =ω/k or V ph =ωk/|k| 2 in vectorial expression. In the spacecraft frame V ph(s/c) = (−144.3, 83.3, −96 .2) km/s in GSE with the magnitude 192.4 km/s and in the plasma rest frame V ph(rest) =(45.6, −26.3, 30.4) km/s with the magnitude 60.8 km/s. Thus, the direction of phase velocity is reversed. In the x component, for example, the wave propagates in the anti-sunward direction in the spacecraft frame but in the sunward direction in the plasma rest frame. In other words, the wave propagates downstream because the solar wind velocity is larger than the rest frame phase velocity. To avoid the usage of negative frequencies we change the signs of ω and k without loss of generality. This keeps the phase velocity unchanged but changes the representation of the sense of the polarization from right-hand to left-hand representation and vice versa. We also change the propagation angle θ kB into 180 • −θ kB to agree with the change of sign of k. As a result, the propagation angle from the Sun-to-Earth direction is 41 • in the spacecraft frame and 131 • in the plasma rest frame. The normalized frequency is ω rest / cp =0.096 and the normalized wave number is kV A / cp =0.102, where cp =0.931 Hz and V A =64.9 km/s (Alfvén velocity). Polarization is also investigated using the principles of optics as applied to quasi-monochromatic wave theory. The cross spectral density matrix
is calculated (Bendat and Piersol, 1980; Born and Wolf, 1980) . E denotes the operation of expectation (ensemble average) and indices i and j run over x, y and z component. B i (f, T ) is the finite Fourier transform of magnetic field at frequency f over record length T and the asterisk means a complex conjugate. The polarization plane is then identified by finding eigenvalues and eigenvectors of G ij , i.e. we search for directions of the principal and second principal variance. The ellipticity or ratio of minor to major axis is defined by
and the sense of the polarization by the sign of β. The angle β can be obtained from the spectral density matrix (e.g. Fowler et al., 1967; Born and Wolf, 1980) :
where x and y denote the principal and second principal variance direction, respectively; i stands for the unit of imaginary number; varies between −1 and 1: −1 for left-handed polarization; 0 for linear polarization; 1 for right-handed polarization. is compared among different spacecraft and exhibits a result very close to one another in frequency domain, i.e. polarization is coherent for 100 km distance. We obtain =0.187 for the given frequency. Thus, the wave is elliptically right-hand polarized in the spacecraft frame. In the plasma rest frame the sign of is changed, resulting from the reversal of propagation direction. In summary, we have derived the following properties in the plasma rest frame: frequency ∼0.1× cp ; wave number ∼0.1× cp /V A (also the wavelength of the order of R E ); phase velocity ∼V A ; propagation almost along the magnetic field (θ kB =17 • ); and elliptically left-handed polarization.
Statistical study
In the following statistical study we present various distributions of the foreshock wave properties: frequencies, wave numbers, phase velocities, propagation directions, and polarization, applying the analysis method introduced in the previous section. Intervals used for the statistical study are selected as follows. ing for the following characteristics: (a) An increase in the magnetic field magnitude when moving from the upstream solar wind to the magnetosheath (typically by a factor of 2 to 4); (b) a decrease in the ion bulk speed; (c) an increase in the ion density. The ion bulk speed ∼400 km/s is also referred to in identifying the upstream region; (C) Moderately active fluctuation of the magnetic field is identified in the upstream region. For this purpose the variance of the fluctuation (defined in Sect. 2) 0.05≤σ 2 ≤0.40 is imposed as a criterion; (D) The geometrical configuration is investigated and the intervals in the foreshock region are selected, applying the same method as described in the previous section.
For the selected intervals dominant frequencies are identified up to 0.5 Hz in the spacecraft frame. Sixty-one distinct waves from 36 events are selected under these criteria. Then wave numbers, rest frame frequencies, and phase velocities are investigated. Ellipticities are investigated as well. Table 1 lists all the intervals, frequencies in the spacecraft frame, wavelengths, and the distances D. The histogram of magnitude of wave number is displayed in Fig. 5 , which can be derived only from multi-point measurements. We find that most of wave numbers have a magnitude up to 2×10 −3 km −1 . When normalized, this distribution exhibits a peak around 0.1×V A / cp (discussed later). Figure 6 displays the spatial distribution of phase velocities in the plasma rest frame projected into the xr plane in GSE (r= y 2 + z 2 ). Small circles filled in black are the locations of wave observations and arrows starting from the circles are the phase velocities normalized to the local Alfvén velocity V A . The dashed curved line represents a nominal bow shock for quiet solar wind conditions. We find that most of the waves propagate upstream and are more or less aligned with shock normal directions at various positions, near the xaxis to near flank region. The phase velocities are of the order of the Alfvén velocity. Some of the waves, however, propagate downstream in the plasma rest frame. Such waves tend to have phase velocities smaller than the Alfvén velocity but a few cases show larger phase velocities near the shock.
The distributions of frequencies, wave numbers, propagation angles, and ellipticities are displayed in Fig. 7 . Error bars are also present there. For scanning in the kspace we use a spherical grid with 75×60×60 points in radial, azimuthal, and polar direction between k min =0 km −1 and k max =5×10 −3 km −1 for low-frequency waves up to 100 mHz in the spacecraft frame, and between 0 km −1 and 25×10 −3 km −1 for the rest of frequencies. Mean |δk| is thus about 6.7×10 −5 km −1 for low-frequency waves and 3.3×10 −4 km −1 for high-frequency waves, and δθ kB is 3 • . Errors in the rest frame frequencies represent uncertainty in the Doppler shift, i.e. |δk · V sw |+|k · δV sw |. We use δk above and δV sw which is calculated from mean absolute deviation of the ion velocity for Cluster 3 CIS-HIA. We do not assign error bars in the ellipticities, since the eigenvectors of spectral density matrix are uniquely determined (without any uncertainty). There are, however, various methods to investigate polarization parameters. Comparison among these methods may give the error estimate in the ellipticities. The left panel is the distribution of normalized frequencies ω rest / cp and magnitudes of normalized wave numbers kV A / cp . The signs of ω rest and k are already changed, since most of the frequencies become negative after the Doppler shift correction. A magnified plot around ω/ cp ∼0 and kV A / cp ∼0.1 is also embedded in the left panel. The dotted, straight line represents Alfvén waves propagating along the magnetic field with the relation ω/k=V A . Most of the waves are found at ω/ cp ∼0.1 and kV A / cp ∼0.1, therefore, the major population of the waves propagates at speeds below and around up to the Alfvén velocity. Minor waves are found up to ω/ cp ∼5 and kV A / cp ∼1.2. These waves are scattered in the ω − k distribution. Some of them follow ω/k=V A and others deviate from it. The middle panel in Fig. 7 is the distribution of propagation angles θ kB versus frequencies. The first major population is found at θ kB >160 • and the second major population is found at θ kB <30 • . These two populations have small frequencies which correspond to the waves of ω/ cp ∼0.1 and kV A / cp ∼0.1 in the left panel. Minor waves with relatively large frequencies and wave numbers have propagation angles perpendicular to the magnetic field rather than parallel/antiparallel. The right panel in Fig. 7 is the distribution of ellipticities, which are located between −0.5 and 0.2. Major waves have a distribution centered slightly on the left-hand polarization side. Minor waves with larger magnitude of frequencies tend to be left-handed for positive frequencies (upstream propagation) and right-handed for negative frequencies (downstream propagation). In summary, most of the waves have frequencies ∼0.1× cp and wave numbers ∼0.1× cp /V A . They propagate upstream almost parallel/anti-parallel to the magnetic field, at phase velocities close to V A with left-hand polarization. We interpret that the dominant waves represent Alfvén waves because of good agreement in the phase velocity at low frequencies. Minor waves are also present, having propagation angles roughly perpendicular to the magnetic field at various phase velocities. Some minor waves agree with the dispersion relation of the Alfvén wave (ω/k=V A ) at larger frequencies and wave numbers.
We also examined if there is a possible relationship between frequencies or wave numbers and distances from the shock but they were relatively uniformly distributed and did not exhibit any clear signatures or organizations.
Conclusions and discussion
We have analyzed the foreshock waves using Cluster data and derived various properties, ω, k, V ph , θ kB , and in the plasma rest frame. The magnetic field data from all four Cluster spacecraft allowed us to investigate wave numbers and phase velocities experimentally and to compare them with the Alfvén velocity. In the statistical study the spatial distribution of phase velocities and the distributions of wave properties are presented.
Upstream propagation is dominating in the foreshock, as is expected from earlier case studies (Russell, 1971; Hoppe et al., 1981; Hoppe and Russell, 1983; Eastwood et al., 2002; Eastwood et al., 2003; Narita et al., 2003) . We also identified rest frame frequencies ∼0.1× cp and wave numbers ∼0.1× cp /V A (wavelengths of the order of R E ). These results confirm the ISEE observations (Hoppe et al., 1981; Hoppe and Russell, 1983) and imply propagation speeds close to Alfvén velocity. If we restrict the observations to propagation angle parallel/anti-parallel to the magnetic field at a frequency much smaller than the proton cyclotron frequency, we may conclude that the dominant wave in the foreshock is the Alfvén wave. Taking into account for the polarization analysis that waves are left-handed rather than righthanded, our results prefer the beam ion instability theory.
Some of the minor waves, despite larger wave numbers, had phase velocities close to the Alfvén velocity, whereas non-magnetohydrodynamic waves, such as the ion cyclotron resonant waves or the cold plasma waves, might be expected in this domain. These minor waves tend to propagate perpendicular to the magnetic field. The waves propagating along the magnetic field in the foreshock region have been widely studied and discussed, but the perpendicular propagation may be important as well in understanding the physical processes in this region. To identify the mode of such minor waves, the dispersion relation for each event will be investigated and compared with various theoretical models in a future paper. There we also plan to examine a possible association of the dispersion relations with the ion distribution functions.
